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Introduction :

What is purpose?
* This course provides students with a basic

understanding of the scientific principles
associated with 1) Fourier optics, 2) image capture
and formation, and 3) intelligent holographic
imaging for numerous biomedical applications.

Digital holographic microscopy (DHM) is also

introduced in this course for three-dimensional
(3D) and quantitative sensing, imaging and
measuring of biological and microscopic samples.

What are the prerequisites?

Fourier analysis & Basic optics



Introduction :

Why are you in the class?

* Foundation for most 3D imaging system &
modeling of a digital holographic microscope

e For MS or Ph.D. examinations.

Grading
e Midterm Exam: 40%

 Final Exams: 50%

 Homework/Class Participation: 10%

Reference

* J. Goodman, Introduction to Fourier Optics,
Mcgraw-Hill, USA 1996



Chapter 1
Fourier Theory Review




A Little History and Purpose +-

* The study of Optical Signal Processing today leads
naturally toward the computer for the following
reason: Fast Fourier transform (FFT) algorithm
provides an extremely efficient computational
approach for solving wave optics problems.

* The FFT’s speed makes it possible to perform
thousands of optical propagation or imaging
simulations in a reasonable amount of time.

e The methods explored in this course form the
basis for wave (or physical) optics simulation
tools that are widely used in industry.




A Little History and Purpose +4-

* This course also provides step-by-step instructions
for coding Fourier optics with MATLAB software.

* The end of this course, you can program basic
Fourier optics problems—at least that’s the goal!

* | encourage you to consult some references for
basic Fourier theory.

e Recommended reading: Schaums Outline of
Digital Signal Processing



Linear Systems and Nonlinear .
Systems

Unit Impulse Function

* The unit impulse function o(t) plays a central role
in system analysis: It has the following properties:

5(r):{i Zg |" 5(t)dr=1

e Thus, Jt) cannot be an ordinary function and
mathematically it is defined by

[ 8()5(¢)dt=9(0)
* where ¢(t) is any function continuous at t = 0.

* Similarly, the delayed delta function o(t-t,) is
defined by j:¢(t)5(t—t0)dt = 4(1,)

8(1) 8(t - 1,)

| |

il J
.-.V



Linear Systems and Nonlinear +4-
Systems

Unit Impulse Sequence (n is an integer)
 The unit impulse (or unit sample) sequence J[n] is
defined: | B
n=0
5[11]:{
0 n=0

e Similarly, the shifted unit impulse (or sample)

sequence o[n-k] is defined as
1 n==k
5[n—k]={0

nzk

3|n] dn - k|




Linear Systems and Nonlinear o
Systems

* If the operator T satisfies the following two
conditions, then T is called a linear operator and
the system represented by a linear operator T is
called a linear system:

1. Additivity

 Giventhat 7{x}=y andr{x}=y, then T{x+x}=y+»
for any signals x, and x..

2. Homogeneity
 T{axj=ay for any signals x and any scalar a.

* Two equations T{x+x,}=»+», and T{ax}=ay can
be combined into a single condition as

T{al'xl +0(2x2} =) Ty,



Time-Invariant and Time-Varying +4+-
Systems

e A system is called time-invariant if a time shift
(delay or advance) in the input signal causes the
same time shift in the output signal.

* For a continuous-time system, the system is time-
invariant if T{x(:-r)}=y(¢-r) for any real value of .

* For a discrete-time system, the system is time-
invariant or shift-invariant if T{x[n-k]}=y[n-k]
for any integer k.

A system which does not satisfy the above
Equations is called a time-varying system.

10



Linear Time-Invariant Systems +4+-

 |f the system is linear and time-invariant, then it
is called a linear time-invariant (LTI) system.

 The input-output relationship for LTI systems is
described in terms of a convolution operation.

 The importance of the convolution operation in LTI
systems stems from the fact that knowledge of the
response of an LTI system to the unit impulse input
allows us to find its output to any input signals.

11



Response of Continuous-Time LTI
System

A. Impulse Response

 The impulse response h(t) of a continuous-time LTI
system (represented by T) is defined to be the
response of the system when the input is o(t):

W) =T (1)

B. Response to an Arbitrary Input
 The input x(t) can be expressed as

x(t) :f x(r)é‘(t—r)dt

00

e Since the system is linear, the response y(t) of the
system to the input x(t) can be expressed as

y(£)=T{x(t)} = T{j_ix(f)(s(z-f)df}

- (1)
= J_Oox(r)T{5(t—T)}dr

12



Response of Continuous-Time LTI
System

* Since the system is time-invariant, we have

h(t—r)zT{&(t—r)} (2)
e Substituting Eq. (2) into Eq. (1), we obtain
y(t)=[" x(c)h(t-7)de 3)

 Equation (3) indicates that a continuous-time LTI
system is completely characterized by its impulse

response h(t).



Response of Continuous-Time LTI
System

e Equation (3) defines the convolution of two

continuous-time signals x(t) and h(t) denoted by

y(t) :x(t)*h(t):fix(r)h(t—r)dr

* Equation (4) is called the convolution integral.

e The output of any continuous-time LTI system is

the convolution of the input x(t) with the impulse

response h(t) of the system.




Response of a Discrete-Time LTI ++-

System

A.

Impulse Response

The impulse response (or unit sample response)
h[n] of a discrete-time LTI system (represented by
T) is defined to be the response of the system
when the input is 6[n], that is,

W) =T{5[n]

. Response to an Arbitrary Input

The input x[n] can be expressed as

o0

x[n]z Zx[k]é[n—k] (5)

k=—o0

Since the system is linear, the response y[n] of the
system to an input x[n] can be expressed as:

= {slal) =] 3 +{#loln- 41}

k=—o0

:kix[k]T{§[n—k]}

15



Response of a Discrete-Time LTI 11
System

* Since the system is time-invariant, we have
h[n—k]=T{5[n—k]} (7)

e Substituting Eqg. (7) into Eq. (6), we obtain

y[n]= 3 x[k]h[n—4] ®

k=—c0
 Equation (8) indicates that a discrete-time LTI

system is completely characterized by its impulse
response h[n].

16



Convolution Sum o

e Equation (8) defines the convolution of two
sequences x[n] and h[n] denoted by

0

yln] =[] hln] = 3 x[kA[n—] o

k=—o0

e Equation (9) is called the convolution sum.

* The output of any discrete-time LTI system is the
convolution of the input x[n] with the impulse
response h[n] of the system.

17



Frequency Response of Continuous- 000
Time LTI Systems

 We know that the output y(t) of a continuous-time
LTI system equals the convolution of the input x(t)
with the impulse response h(t): that is,

y(1)= (1) +h (0

* Applying the convolution property, we obtain

Y(w)=X(w)H (o)

 where Y(w), X(w), and H(w) are the Fourier
transforms of y(t), x(t), and h(t), respectively.

* H(w) is called the system’s frequency response.

18



Fourier Analysis of Signals +4-

* The Fourier representation of signals plays an
extremely important role in both continuous-time
and discrete-time signal processing.

e We review the continuous-time Fourier transform
(FT) and the FT for discrete-time signals).

* Review Fourier series and Fourier transform which
convert time-domain signals into frequency-
domain (or spectral) representations.

19



Complex Exponential Signals $4-

The complex exponential signal x@)=¢™ is an
important example of a complex signal.

The fundamental period 7, of x is given by:
27
TO _
0)0
Any signals can be expressed by using the
complex exponential form.

The complex exponential sequence is of the form.

19
x[n] = e/t

Any sequences can be expressed by using the
complex exponential form.

20



Fourier Analysis of Continuous-Time | 2¢¢

Signals

Periodic Signals

We define a continuous-time signal x(t) to be
periodic if there is a positive nonzero value of T for
which

x(t+T)=x(t) all t

Two basic examples of periodic signals are the real
sinusoidal signal

x(t)=cos(wyt+¢)

and the complex exponential signal
x(t)=e"™

where o,=2z/T,=2xf, is called the fundamental
angular frequency

21



Fourier Analysis of Continuous-Time
Signals

Complex Exponential Fourier Series Representation

e The complex exponential Fourier series
representation of a periodic signal x(t) with
fundamental period T, is given by

x(t)= i c e’ o, =2T—7[

k=—0 0

* where ¢, are known as the complex Fourier
coefficients and are given by

C, :TL " x(t)e ™' dt

0

22



Fourier Analysis of Continuous-Time
Signals

Trigonometric Fourier Series

e The trigconometric Fourier series representation

of a periodic signal x(t) with fundamental period

T, is given by:

:70 Y (a, coskayt +b,sinkayt) @, =—
k=1

* a, and b,, are the Fourier coefficients given by:

x(t)cos kaytdt

.TO

x()sin ke,tdt

.TO



Fourier Analysis of Continuous-Time
Signals

Power Content of a Periodic Signal

 The average power of a periodic signal x(t) over
any period is given by:

e If x(t) is represented by the complex exponential
Fourier series, then it can be shown that

—I ‘x = ‘ck

k=-0

24



Fourier Analysis of Continuous-Time
Signals

From Fourier Series to Fourier Transform

e Let x(t) be a nonperiodic signal of finite duration:
x(1)=0 > T,

x(n

—-
T. 0T

 Letx, () be aperiodic signal formed by repeating
x(t) with fundamental period T,

ITD(”
A 1 A 1 A 1 A 1 A >
-T, To -T, 0T, T T, 27, r
2 2

e Ifweletr >» ,we have limxTo(t):x(t)

25



Fourier Analysis of Continuous-Time | 2¢¢
Signals

* The complex exponential Fourier series of x; (¢) is:

()= Y™ =0 (10
k=—w0 0
 where
1 ¢1/2 e
C, :—j " X5 (t)e Tkt o1y (10a)

7”0 -T,/2

e Since x; () =x() for ||<T,/2 and also since x(t)=0
outside this interval, Eq. (10a) can be rewritten as:

o= [ x(yerar= L[

—jka)otd
il T _oox(t)e t



Fourier Analysis of Continuous-Time | 22°
Signals

e Let us define X(w) as
X(a)) = on x(t)e_j“”dt (11)

* The complex Fourier coefficients c,, can be
expressed as |

¢, =FX(ka)O) (11a)

0

e Substituting Eg. (11a) into Eq. (10), we have

Z
)=
27

]ka)ot
X (kaoy)e

To

1y
1
Z ]ka)ot 0 (12)



Fourier Analysis of Continuous-Time | 22°
Signals

* As T, »x,0,=2z/T, becomes infinitesimal (o, »0).

 Thus, @,=A® then Eq. (12) becomes

X5 ()[1 5o —>— Z X (kAw)e™ " Aw (13)
27 (=
* Therefore,
x(t)=limx, (¢)= lim — Z X (kAw)e™ ™ Aw (14)

O
Ty —o0 b0 D £



Fourier Analysis of Continuous-Time
Signals
 The sum on the right-hand side of Eq. (14) can be

viewed as the area under the function x(w)e as
shown in the following figure.

* Therefore, we obtain

O [ oo

 |It’s the Fourier representation of a nonperiodic

x(t).

X{w)er

Area = X(kAw)e Fduwr Ay

Xk Aw)etdni e = = - - - - -
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Fourier Analysis of Continuous-Time
Signals

Fourier Transform Pair

 The function X(w) is called the Fourier transform
of x(t), and Eq. (15) defines the inverse Fourier
transform of X(w).

X(w)= J‘{x(t)} = jix(t)e‘j”tdt

H(0)=7 X (o)) == [ X (0)e™do

e |If impulse functions are permitted in the
transform, some periodic signals (i.e., sin(x),
cos(x)) can have Fourier transforms.

30



Fourier Analysis of Continuous-Time
Signals

Fourier Spectra
* The Fourier transform X(w) of x(t) is, in general,
complex, and it can be expressed as:

X(w)= |X(a))|ej¢(”)

* The quantity |[X(»)| is called the magnitude
spectrum of x(t), and ¢() is called the phase
spectrum of x(t).

* If x(t) is a real signal, we get X ()= x(t)e/"dt
* Then it follows that
X(-0)=X" ()
X (-o)=[X ()  ¢(-0)=—4(e)

 The amplitude spectrum |X(®)| is an even function
and the phase spectrum ¢(») is an odd one of w.




Discrete Fourier Series .

A discrete-time signal (or sequence) x[n] is
periodic if there is a positive integer N for which

x[n—i—N]:x[n] all n
The fundamental period N, of x[n] is the smallest
positive integer N.
The complex exponential sequence

x[n] _ /AN _ i

where Q,=27/N, , is a periodic sequence with
fundamental period N,.



Discrete Fourier Series 0o

One very important distinction between the
discrete-time and the continuous-time complex
exponential is that the signals ¢ are distinct for
distinct values of «» but the sequences -
which differ in frequency by a multiple of 2nr, are
identical.

Let V¥, [n]=¢""", QO:?V_E’ k=0,+1,+2,...

0

We have ‘Po[n]zq’NO[n] LPl[n]:‘I’]\,OH[n] LPk[n]:‘I’]\,O+k[ifl] .

In case of QO =Q, +2rk, o/ _ oI pi2mkn _ i because o2k
is always 1: note that k and n are integer.

L 2r .27

. ) k .
However, incase of ¢/ =o' & —o 5% o 4142, o'

b

are differ: note that t is not integer.

33



Discrete Fourier Series 0o

The discrete Fourier series representation of a
periodic sequence x[n] with fundamental period
N, is given by

Ny-1 .
x[n]= Z c e’ Q, = 2z

k=0 No
Note that the range of k is [0 N,-1] (see page 33)

where c, are the Fourier coefficients and given by:

c, = N Z x[n]e /"

o n=0

The DFS coefficients are periodic.




coes
. . . o000
From Discrete Fourier Series to 1T
Fourier Transform (DTFT)
* Let x[n] be a nonperiodic sequence of finite
duration: that is, for some positive integer N,
x[n]=0 ‘n‘>N1
e Such a sequence is shown in the following figure.
* Letx,[7] be a periodic sequence formed by
repeating x[n] with fundamental period N, as
shown in the following figure.
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From Discrete Fourier Series to -
Fourier Transform (DTFT)

If we let N, >, we have lim x, [n]=x[n].

Ny—o

The discrete Fourier series of x, [#] is given by

N R I (16)
k=(Ny) 0
1 kO
C, :F Z Xy, [n]e 7% (17)
0 n=(N,)

Since x, [7]1=x[n] for |2/<N, and also since x[n]=0
outside this interval, Eq. (17) can be rewritten as

1 G . 1 & .
c, = — xln e—Jon” - x[n e—ijOn
¢ Non;vl "] NOZ:O ]

Let us define x(Q) as

X(Q)= Z x[n]e

n=-oo

where niis [0,1,2,3,.. Ny-1,...] and fundamental angular frequency in QQ
is Q, exp[-jQn] = exp[-jQ,n]. So X(Q2) has 2t period (see page 33).



From Discrete Fourier Series to 0o

Fourier Transform (DTFT)

The Fourier coefficients ¢, can be expressed as:
¢, =Nix(k90) (18)

0

Substituting Eqg. (18) into Eg. (16), we have

% [1]=—= Y X(kQ, )0, (19)
2T

X(Q) is periodic with period 25t and so is /" .

So, the product x( Q) is periodic with period 2.

where niis [0,1,2,3,.. Ny-1,...] and fundamental angular frequency in Q2
is Q,, exp[-jQn] = expl[-jQyn]. So X(Q2) has 2t period (see page 33).
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From Discrete Fourier Series to °or
Fourier Transform (DTFT)

* Asshown in the following figure, each term in the
summation in Eq. (19) represents the area of a
rectangle of height x %)™ and width Q,.

X((1)efiln

X(kEY yertilp

2m - 0 ki L, m 2 (]

38



From Discrete Fourier Series to -
Fourier Transform (DTFT)

e AsSN,—>x, Q,=27/N,, becomes infinitesimal
(9, —>0)and Eqg. (19) passes to an integral.

* Furthermore, since the summation in Eq. (19) is
over N, consecutive intervals of width o, =2z/n,,

the total interval of integration will always have a
width 2.

* Thus,as N, >~ Eq.(19) becomes
1

x[n]==——

27 ZEX(Q)eandQ (20)



From Discrete Fourier Series to °er
Fourier Transform (DTFT)

Fourier Transform Pair

* The function X(w) is called the discrete-time
Fourier transform (DTFT) of x[n], and equation (20)
defines the inverse Fourier transform of X(w).

7

x[n]=7 "X (Q)}=—| X(Q)edQ



From Discrete Fourier Series to -
Fourier Transform (DTFT)

Fourier Spectra

* The Fourier transform X(w) of x[n] is, in general,
complex and can be expressed as:

X (Q)=|x(Q)[e"

 The quantity |[Xx(Q)| is called the magnitude
spectrum of x[n], and #(©Q) is called the phase
spectrum of x[n].

* Furthermore, if x[n] is real, the amplitude
spectrum |X(©Q)| is an even function and the
phase spectrum ¢(Q) is an odd function.



Frequency Response of Discrete-Time
LTI Systems

 The output y[n] of a discrete-time LTI system
equals the convolution of the input x[n] with the
impulse response h[n]; that is,

y[n]=x[n]*h[n]
* Applying the convolution property, we obtain
Y(Q)=X(Q)H(Q)

 where Y(Q), X(Q), and H(Q) are the Fourier
transforms of y[n], x[n], and h[n], respectively.

 Unlike the frequency response of continuous-
time systems, that of all discrete-time LTI systems
is periodic with period 2.

H(Q)=H(Q+2x)




Sampling ++-

Most discrete-time signhals come from sampling a
continuous-time signal, such as speech, audio
signals, radar, sonar data, and biological signals.

Sampling theory gives precise conditions under
which an analog sighal may be uniquely
represented in terms of its samples.

When implementing holography simulations on
the computer we need to represent functions by
sampled values and apply transform/processing
methods designed for these discrete signals.

It would be great to model the physical elements
with many samples.
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Sampling cos

e Consider the two-dimensional (2D) analytic
function g(x,y) and suppose it is sampled in a
uniform manner (see Fig. 2.1) inthe xand y
directions, which is indicated by

g(x,y) — g(mAx, nAy).

(a) (b)

Figure 2.1 Two-dimensional function: (a) analytic and (b) sampled versions.

44



Sampling

 Sampleinterval is Axin the x direction and Ay in
the y direction, and m and n are integer-valued
indices of the samples: the respective sample
rates (sampling frequency) are 1/Ax and 1/Ay.

* In practice, the sampled space is finite and,
assuming it is composed of M X N samples in the
x and y directions, respectively, m and n are
defined with the following values:

MM, N N

= yees , n=—-—,.,——1.

27772 27772
* This is a standard index arrangement where M and
N are assumed to be even.
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Sampling .

* Afinite physical area spanned by the sampled
space, and this is given by L, X L,, where L, is the
length along the x side of the sampled space and
L, is the length along the y side (see Fig. 2.1).

* They represent physical distances and are related
to the sampling parameters by

L, = MAx, L, = NAy.

* If D, is the support in the x direction and D, is the
support in the y direction, then for the significant
values of g(x,y) to be contained within the array
requires

D, <L D, <L,.

X0



Sampling oo

* Another concern is whether the sample intervals
are small enough to preserve features of g(x,y).

glx.v) |G{fx. J)|
\ ” J fr
— —br —) 5
(a) (b)

Figure 2.2 lllustration of the (a) support Dy and (b) bandwidth By along the x axis of
g(x, v). Bandwidth is commonly defined as a half-width measure and is illustrated here

with a profile of |G(fy, f7)|, the Fourier transform magnitude of g(x, y).

e |f functions that are bandlimited, where the
spectral content of the signal is limited to a finite
range of frequencies, a continuous function can
be recovered exactly from the samples if the
sample interval is smaller than a specific value.




Sampling ++-

The Shannon—Nvyauist sampling theorem,
extended to two dimensions, states this
requirement as:

Ax<i, Ay < 1
2B, 2B,

(21)

where B, is the bandwidth of the spectrum of the
continuous function along the x direction and B, is
the bandwidth along the y direction.

Bandwidth is illustrated in Fig. 2.2(b).

Violating Eq. (21) results in aliasing, in which
undersampled high-frequency components in the
signal are interpreted erroneously as low
freqguency content.
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Periodic Sampling ++-

 Discrete-time signals are formed by periodically
sampling a continuous-time signal

x(n) =X, (nTS)

e The sample spacing T, is the sampling period, and
f,=1/T, is the sampling frequency in samples per
second.

* The continuous-time signal is first multiplied by a
periodic sequence of impulses,

s,(t)= 2, 6(t—nT,)

=—00

* To form the sampled signal

0

5 ()=, (05, ()= 3 x, (4T, 8(1-nT,)

n=—00

49



Periodic Sampling

 The sampled signal is converted into a discrete-
time signal by mapping the impulses that are
spaced in time by T_ into a sequence x(n) where
the sample values are indexed by the integer
variable n:

x(n) =X, (nTS)

* This process is illustrated in Fig. (b).

Ol 1l

=21, -T; 0 Ty 2T, 3T, 47T, -2 -1 0 1 2 3 4
(0

e The Fourier transform of s¢-»7)is ¢, so the
Fourier transform of the sampled signal xg(t) is

o0

X, (jQ)= Z x,(nT,)e ™" (1)

n=-—oo




Examples

* The Fourier transform of Jt) is:

Fl8(1)) :f_la(:)e‘f‘”’df=1

* Because f_m ¢(t)6(t)dt = p(0)

* The Fourier transform of s¢-»7)is ¢ .
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Periodic Sampling ++-

Another expression for X, (jQ) follows by notlng
that the Fourier transform of s,(1)= 3 s(:-n7)
2T &

Y 5(Q-kQ))

s k=—o0

S, (jQ) =

where o, =2z/1 is the sampling frequency in
radians per second.

By multiplication property of Fourier transform,

X (jQ)= x,(nT)e fQT:zlﬂx(JQ)*s(JQ TZX Q- k)

n=—0o0 s k=—0

Note that the above equation is derived from the
Fourier analysis of the continuous time signal
(see pages 55 to 59).
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Periodic Sampling +4-

Finally, the discrete-time Fourier transform of x(n):

X(ej”) = i x(n)e ™ = i x,(nT )e ™ (2)

n=—aoo n=—0oo

X (ef‘”)is periodic with period 2rt (see page 37)

Comparing Eq. (1) with Eq. (2), it follows that:
(if @ in Eq.(2), set to QT, Eqs (1) and (2) will be same)

X(e) =X, (19)]or = 3 X, (j%—joikJ 3)

S k:—OO

Thus, x(’*) is a frequency-scaled version of x_ (;Q) ,
with the scaling defined by

w=QT

This scaling, which makes x(”) periodic with a
period of 27, is a consequence of the time-scaling
that occurs when x(t) is converted to x(n).

(In Eq. (3), x [jﬂ—J@J has 2 period)

Note that the range of wis [0 2n], 2rt/T, is sampling frequency



Sampling Theorem cos

If x_(t) is strictly bandlimited,
X, (jQ)=0 |Q>Q,

Then x,(t) may be uniquely recovered from its
sampled signal x(t) if
QS:2—7TZ2QO
I
The frequency o, is called the Nyquist frequency,
and the minimum sampling frequency, o, =29, , is
called the Nyquist rate.

/& FT of the continuous time signal

Qo ' Qo

a)

xe, The DTFT of the sampled sequence x[n]

/T,
/\/ )
4 4 .
t t >
n 2n

(1)]




Examples e

Find the Fourier transform of the periodic impulse
train of s¢-nr):

[e¢]

o, (t): Z 5(t_kTo)

k=—0

From the inverse Fourier transform definition, we
have 3
j_ X(a))ej“”da) = 27zx(t)

Changing t to -t, we obtain
j_oo X(w)e’"do= 27zx(—t)

Now interchanging t and w, we get
j_oo X(t)e’"dt =27x(-w)

Since .
X (1)} = .[_OOX(t)e‘f“”dt



Examples e

 We get the following duality property:
X(t) > 27zx(—a))
 We know that the Fourier transform of J(t) is 1.

* Thus, by the duality property we get

16 278 (—w) =276 ()

* And, we know that x(r)="{x(0)}=—[ X ()e"do

279
 We can derive the following equation:
1 ® Jjor Jat * _jopt
X)) =~ Lo 275(w—w,)e’ " dw = e j_w 5(0)dw=e
* Then we get
e > 276 (w—w,) (4)



Examples e

* We express periodic signal x(t) as

x(t)=Y c,e”™ @, = i
T

* Taking the Fourier transform of both sides and
using Eq. (2) and the linearity property, we get

X ()= 27[/;_;0 co(w—kay,)

 The complex exponential Fourier series of 5, () is

given by:
5, ()= Z e’ @, = 2z
0 P ]—E)
 The Fourier coefficients can be obtained since Jt)
is involved:

R ket g, 1
C, —FOJ-%/Za(t)e / df——o



0000
( X N J
Examples 1T
* Finally, we get
s, (f)]:%kio §(w—ka,)
= @, i §(o—kay,)
k=—o0
* Thus, the Fourier transform of a unit impulse train
is also a similar impulse train.
x(r) X(w)
LT L[]
-T, 0 T 2T, r -ty 0 @, 2w, :
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Examples: Convolution Calculation

By convolution definition, we get
x(0)*6(t—1,) =0t —1,) * x(1)
= [ 8=t x(t-v)dr =x(t—7)| ,

=x(t—1,)

59



Discrete Fourier Transform °or

We have seen how to represent a sequence in
terms of a linear combination of complex
exponentials using the discrete-time Fourier
transform (DTFT).

For finite-length sequences there is another
representation, called the discrete Fourier
transform (DFT).

Unlike the DTFT, which is a continuous function of
a continuous variable, w, the DFT is a sequence
that corresponds to samples of the DTFT.

Such a representation is very useful for digital
computations.
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Discrete Fourier Transform b

The DFT may be easily developed from the
discrete Fourier series for periodic sequences.

Let x(n) be a finite-length sequence of length N
that is equal to zero outside the interval [0, N-1].

A periodic sequence %(n) may be formed from x(n)
as follows:

0

X(n)= Y x(n+kN)

k=—o0

A periodic sequence may be expanded using the
DFS as Eq. (1).

X(k)ejZan/N (1)
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Discrete Fourier Transform

* Fourier series coefficients, X (k) may be derived by
multiplying both sides of this expansion by 2=~
summing over one period and using the fact that
the complex exponentials are orthogonal:

Nz_lejZma(k—l)/N _ N k=l
= 0 k=l

e The resultis




Discrete Fourier Transform °oe

 Because x(n)=i(n) forn=0,1,...,N-1, x(n) may
similarly be expanded as follows:

x(n)z X(k)ejz””k/N 0<n< N

X(k)= x(n)e‘jz””k/N 0<k<N
n=0
e Because the DFS coefficients are periodic, if we
let X(k) be one period of X(k) and replace X() in
the sum with X(k), then we have

N-
:_Z e/ 27 mkIN 0<n<N

 The sequence X(k) is called the N-point DFT of x(n).



Discrete Fourier Transform b

These coefficients are related to x(n) as follows:

T

X(k)z x(n)e_jz””k/N 0<k<N

n

Il
[

Comparing the definition of the DFT of x(n) to the
DTFT, it follows that the DFT coefficients are
samples of the DTFT:

N-1 0

X(k) = Zx(n)e‘jz””k/]v = Z x(n)e_jz”"k/N = X(eja’)‘wzzﬂkm

n=0 Nn=—o0

Note that DFT has a periodic property so that we
extract the values in the range of [0, N-1].




DFT Circular Shift Property .

e The DFT has a circular shift property.

e Suppose that the values of a sequence x(n), from
n=0 to n=N-1, are marked around a circle as
illustrated in Figure (a).

z(4) z(0)

z(3) z(1)
x(2)

(a) An eight-point sequence. () Circular shift by two

* Acircular shift to the right by n, corresponds to a
rotation of the circle n_ positions in a clockwise
direction as shown in Figure (b).



DFT Circular Shift Property +4-

* Another way to circularly shift a sequence is to
form the periodic sequence x(n), perform a linear
shift, x(n—n,) and then extract one period of %(n—=n,)
by multiplying by a rectangular window.

* The circular shift of a sequence x(n) is defined as
follows:

x((n=m)), 7 (n)=%(n=n) &, (n)

* where n_ is the amount of the shift and #,(») is a
rectangular window.
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DFT Circular Shift Property +4-

« Examples illustrating the circular shift of a four-

point sequence are shown in Figures (a), (b). (c),

and (d).

(a) A discrete-time signal of length N = 4.

z((n — 2))aRa(n)

.

-2 =1 | 1 2 3 4 5

(¢) Circular shift by two.

z((n — 1))4R4(n)

2
1

T "
*——o——o —o—
_24]12345

{b) Circular shift by one.

z((n — 3))sR4(n)

=2 =] | 1 2 3 4 5

(d) Circular shift by three.



DFT Circular Convolution

Let h(n) and x(n) be finite-length sequences of
length N with N-point DFTs H(k) and X(k),
respectively.

 The sequence that has a DFT equal to the product

Y(k)=H(k)X(k) is

(2)

y\n

A
\/
|—|
»Mz
S
/—\
\—/
=1
—~
3
k‘
L
go
||
e

2:

:

N
><1
\—/

L 1
RN
—~
N

where x(n) and #(n) are the periodic extensions of
the sequences x(n) and h(n), respectively.



DFT Circular Convolution °oe

* Because i(n)= h(n)for o<n<n,the sumin Eqg. (2)
may also be written as

() =| Z0)0-4) R (1) §

* The sequence y(n) in Eq. (3) is the N-point circular
convolution of h(n) with x(n), and it is written as

y(n)=h(n) @ x(n)=x(n) @ h(n)




Circular Versus Linear Convolution °or

 |n general, circular convolution is not the same as
linear convolution.

 However, there is a relationship between circular
and linear convolution that illustrates what steps
must be added to ensure that they are the same.

» Specifically, let x(n) and h(n) be finite-length
sequences and let y(n) be the linear convolution:

y(n)=x(n)xh(n)

* The N-point circular convolution of x(n) with h(n) is
related to y(n) as follows:

0

) () =| 350 44) |R (o) (4

k=—0

 The circular convolution of two sequences is
found by performing the linear convolution and
aliasing the resulit.




Circular Versus Linear Convolution b

Example: Let us find the four-point circular
convolution of the sequences h(n) and x(n): the linear
convolution is y(r)=6(n)+6(n-1)+28(n-2)+25(n-3)+35(n-5)

* We may set up a table to evaluate the sum

0

h(n) @ x(n):[z y(n+kN)}//€V(n)

k=—

* This is done by listing the values of the sequence
y(n + kN) in a table and summing these values for
n=0,1,2,3.

* Thus, we have

y(n)
y(n +4)
h(n)@x(n)

N[O oo
O[S oW
[ © &
[ S W |
|l [© © |
I [© © |

1
1
3
4

o = O

 Summing the columns for 0<»<3 , we have
h(n)@x(n)=5(n)+45(n—1)+25(n—2)+25(n—3)



Circular Versus Linear Convolution 0ol

 Animportant property that follows from Eq. (4) is
that if y(n) is of length N or less, circular
convolution is equivalent to linear convolution.

h(n) @x(n) =h(n)*x(n)

* Thus, if h(n) and x(n) are finite-length sequences
of length N, and N,, respectively, y(m)=h(m)*x(n) is
of length N, +~,-1, and the N-point circular
convolution is equivalent to linear convolution
provided N>N +N, -1,
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Linear Convolution Using DFT +4-

 The DFT provides a convenient way to perform
convolutions without the convolution sum.

* Specifically, if h(n) is N, points long and x(n) is N,
points long, h(n) may be linearly convolved with
x(n) as follows:

1. Pad the sequences h(n) and x(n) with zeros so
that they are of length N>~ + N, 1.

2. Find the N-point DFTs of h(n) and x(n).

3. Multiply the DFTs to form the product
Y(k)=H(k)X(k) .

4. Find the inverse DFT of Y(k).

* Significant computational savings for DFT may be
realized with the fast Fourier transform (FFT).
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2D Fourier Transform Definitions

The analytic Fourier transform of a function g of
two variables x and y is given by:

G(fxafy): T_[g(x,y)exp[—j27z(fXx+fYy)]dxdy,

 where G(fX,f;) is the transform result and f, and f,
are independent frequency variables associated
with x and y, respectively.

* This operation is often described in a shorthand
manner as 3{g(x,»)}=G(fy. f;)-

* The analytic inverse Fourier transform is given by:
j [G(fyo £y )exp] 2 (fex+ fy) ] dfvdfs.

* The shorthand notation for this operation is
IHG(fy f1)) = g(x, ).




Discrete Fourier Transform from °or
Continuous Transform

* The analytic Fourier transform of a function g of
two variables x and y is repeated for reference:

G(ferty)=| [g(x)exp[ =127 (fex+ fyp)]dxdy.  (5)
* First, assume g(x,y) is sampled as g(mAx,nAy) — g(m,n).

 The integralsin Eq. (5) can be approximated using
a Riemann sum:

N/2-1 M/2-1

TT...dxdy—) Z Z .. AxAy.

75



Discrete Fourier Transform from b
Continuous Transform

The convention for the frequency domain is to
divide this continuous space indicated by f, and f,,
into M and N evenly spaced coordinate values as
follows (M, N: total number of samples)

p M M

— ———, where = ..,— 1
T2 P=m -
Iy —)L, where q :—E,...,E—l;

NAy 2 2

where p and g are integers that index multiples of
the frequency sample intervals.

1 1 1 1
Af, = =—, and AN,=——=—. 6-1
Yo , (6-1)

NAY L,
In fact, p and g take on the same values as m and n,

respectively, since the spatial and frequency arrays
have the same number of elements.




Discrete Fourier Transform from
Continuous Transform

e Note that the maximum absolute values of the

frequency coordinates in Eq. (6) are the Nyquist

frequencies 1/(2Ax) = f,,, and 1/(24y) = f,.

* Incorporating Eq. (6) into the complex exponential

kernel of Eq. (5) yields

exp[—j27z(fXx+fYy)] — exp{—jb{ﬁmmur Nq nAyH

Ay

p{ ]zﬂ(fu_m%ﬂ



Discrete Fourier Transform from 0o
Continuous Transform

* Finally, we arrive at the following form of the DFT:

M/j2-1 N/2-1

Glra)= 3 S elmnon| -joal 22221 7

m=—M/2 n=—N/2 N

e The inverse discrete Fourier transform (DFT!) is
derived in a similar way and is written as:

é(m,n)=ﬁ Mf Nfl G(p,q)exp[j27z(l;w—m+ﬂﬂ. (8)

p=—N/2 g=—M/2 N

 The forward and inverse DFTs are not usually
accomplished with a direct use of Egs. (7), (8):
they are accomplished with the computationally
efficient FFT and FFT! algorithms.




Discrete Fourier Transform from 0o
Continuous Transform

* Analytic rectangle function is shown in Fig. (a)
(solid line) along with a sampled version (dots).

1.5

1 ; Pves
fx)

0.5

0 — POLEHELE LR BEERD —
-30 -20 -10 0 10 20 30
X

(a)

* The periodic form of the function, which extends
(virtually) beyond the original span of the sample
vector, is also indicated (dashed line).




Discrete Fourier Transform from b
Continuous Transform

* Figure (b) shows the magnitude of the analytic
spectrum of the rectangle (solid), the FFT result
(dots), and the periodic spectrum (dashed).
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Discrete Fourier Transform from 0o
Continuous Transform

 The most difference between the analytic and
sample spectra in this case is slightly larger sample
values in the magnitude at higher frequencies.

 This effect results from aliasing of under-sampled
frequencies in the rectangle spectrum.

5 .
3! o ’
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(b)

If the sampling frequency is 2Q); where (); is max frequency of the signal,
the dashed line has the fx with 2t period



